Abstract-In this paper, we present a novel algorithm for computing three-finger force-closure grasps of two-dimensional (2-D) and three-dimensional (3-D) objects. In the case of a robot hand with three hard fingers and point contact with friction, new necessary and sufficient conditions for 2-D and 3-D equilibrium and force-closure grasps have been deduced, and a corresponding algorithm for computing force-closure grasps has been developed. Based on geometrical analysis, the algorithm is simple and only needs a few algebraic calculations. Finally, the algorithm has been implemented and its effectivity has been demonstrated by two examples.
I. INTRODUCTION
We address the problem of computing three-finger two-dimensional (2-D) and three-dimensional (3-D) force-closure fingertip grasps of arbitrary objects. Assuming hard-finger point contact with Coulomb friction and force-closure grasps, any external forces and torques exerted on the grasped object can be balanced by the contact forces exerted by the fingers.
The existence of force-closure grasps and the minimum number of fingers necessary to achieve these grasps have been studied in [1] - [3] , and [16] . Salisbury and Roth [4] have demonstrated that a necessary and sufficient condition for force closure is that the primitive contact wrenches resulted by contact forces positively span the entire wrench space. This condition is equivalent to the origin of the wrench space lying strictly inside the convex hull of the primitive contact wrenches [1] . Nguyen [5] presented a geometrical algorithm for computing twofinger force-closure grasps. Ferrari and Canny [6] have proposed an algorithm for computing an optimal grasp. Ponce and Faverjon [7] developed several sufficient conditions for three-finger equilibrium grasps of 2-D objects, and implemented an algorithm with Gaussian elimination and linear programming. Also, several works have been done on the qualitative test for the force-closure property [8] , [13] , [17] . There must be internal force for a force closure or equilibrium grasp. Yoshikawa et al. proposed definition of grasping and manipulating forces, and analyzed the possible contact configurations for equilibrium [15] , [18] . Ji and Roth [12] present an analytical method for computing the optimized grasp forces. There are only a few examples in the literature on computing 3-D force-closure grasp, due to complicated geometry and high dimension of the grasp space. Ponce et al. [10] , [11] studied fourfinger 3-D force-closure grasps of polyhedral objects. They showed that four-finger force-closure grasps fall into three categories: concurrent, pencil, and regulus grasps, and developed techniques for computing them. Liu et al. [14] assumed that n 0 1 fingers with given grasp points do not achieve force closure, and proposed an algorithm for computing all grasp points on the object for the nth finger to achieve force-closure grasp with other n 0 1 fingers. Recently, Liu [9] convex hull is equivalent to a ray-shooting problem, and solved it by a linear programming method.
In Section II, we put forward a new necessary and sufficient condition for three-finger 2-D equilibrium grasps, and develop a geometrical algorithm for computing force-closure grasps. In Section III, we decompose the problem of three-finger 3-D grasps to that in the contact plane (as a planar grasp problem) and that in the direction perpendicular to the plane. Then the 3-D problem can be dealt with as a reduced 2-D problem. In Section IV, the algorithm is implemented and two examples are presented.
II. THREE-FINGER 2-D GRASPS

A. Relative Notions
We restrict our attention to the 2-D case and assume Coulomb friction now. Under Coulomb friction, a contact force is constrained to lie in a friction cone centered about the internal surface normal at contact point with half-angle . The tangent of the angle is called the friction coefficient. As shown in Fig. 1 , a friction cone at C 1 is bounded by vectors n11 and n12, and any force f1 is a nonnegative combination of these two vectors.
Wrench: A force f and a moment m can be combined into a wrench w = (f; m) T 2 < k , with k = 3 in the case of planar mechanics, and k = 6 in the case of spatial mechanics.
Force Closure: A grasp achieves force closure when it can resist arbitrary forces and torques.
There are other definitions of force (or form) closure, but this one is more useful for our deduction.
Equilibrium: A set of n wrenches w 1 ; . . . ; w n is said to achieve equilibrium when the convex hull of the points w 1 ; . . . ; w n in < k contains the origin.
In particular, force closure implies equilibrium, but there are wrench systems that achieve equilibrium but not force closure (Fig. 2) . Proposition 1 makes clear the relationship between three-finger equilibrium and force-closure grasps.
Proposition 1: A 2-D, three-finger grasp that achieves nonmarginal equilibrium also achieves force closure. The proof of Proposition 1 can be found in [7] . We will extend an algorithm for computing forceclosure grasps with Proposition 1 in Section II-C.
Unit Force Vector: A unit force vector is a unit vector which is in the same direction as a contact force.
For example, contact force f1 can be expressed as f1 = an f1 , where a > 0, and n f1 is the unit force vector of f1.
B. Necessary and Sufficient Conditions for Equilibrium
Consider three hard fingers that grasp a 2-D object and assume point contact with friction. Contact points are C 1 , C 2 , and C 3 (refer to Fig. 3) . The normals at contact points (point to the inside of object) are n 1 , n 2 , and n 3 , respectively. The unit vectors n 11 , n 12 , n 21 , n 22 , n31 , and n32 bound the three friction cones in pairs. External force F and moment M act on the object on a point O. Proposition 2: A necessary and sufficient condition for the existence of three nonzero contact forces, not all of them being parallel, which achieve equilibrium is that there exist three forces in the friction cones at contact points which positively span the plane and whose lines of action intersect at some point.
See [7] for a proof of this proposition. The proposition seems to be well accepted, and there are various forms of this result in the literature [1] , [3] .
However, there is hardly an algorithm for computing three-finger equilibrium grasps using Proposition 2 directly, due to the large amount of calculations in searching for three contact forces which satisfy the condition of Proposition 2.
We will substitute the boundary vectors n11 , n12 , n21 , n22 , n31 , and n 32 of the three friction cones for the unknown contact forces in Proposition 2, and prove a new proposition suitable to be used in computing three-finger equilibrium grasps. First of all, we need a disposition to the three friction cones. Consider the three-finger equilibrium grasp. In order to achieve moment equilibrium contact forces f i and f j (as shown in Fig. 4 ), we must satisfy 000! C k C i 2 f i + 000! C k C j 2 f j = 0:
(1)
The friction cone at contact point C j is divided into two parts by the line 000! C j C k . Since the direction of moment 000! C k C i 2f i is clockwise, contact force f j must lie in the region between n j2 and 000! C j C k . Otherwise, there will not be contact forces fi and fj satisfying (1). Since contact force f j cannot lie in the region between n j1 and 000! C j C k , that is to say, this region has no contribution to the equilibrium, we can substitute ( 000! C j C k = jC j C k j) for n j1 and do not change the result of equilibrium grasps.
The direction of a nonzero 2-D moment is either clockwise or anticlockwise. Therefore, we express the direction of a moment M as symbol Sgn(M )
Define the disposition H to the friction cones. When there are Sgn( 000! C k Ci 2 ni1) 1 Sgn( 000! C k Ci 2 ni2) 0, where i, j , k = 1; 2; 3, i 6 = j 6 = k, and without losing generality, suppose Sgn( 000! C k C 1 2 n i1 ) 6 = 0, we have (3), as shown at the bottom of the page.
Formula (3) can be expressed as the flowchart in Fig. 5 . The unnecessary regions of the friction cones have been removed when the disposition H is done. We put forward the following proposition for three-finger equilibrium grasps.
Proposition 3: A necessary and sufficient condition for the threefinger equilibrium grasp is that the intersection of the three double-side friction cones is not empty while the disposition H is done.
The proof of Proposition 3 is essentially a case analysis of the possible contact configurations, and it can be found in the Appendix.
C. Algorithm
In this section, we use Propositions 1 and 3 in an algorithm for computing three-finger force-closure grasps of 2-D objects. Obviously, there are only simple algebraic calculations in the disposition H to the three friction cones. We now attack the problem of determining whether the intersection of the three double-side friction cones is empty or not.
There are, at most, 15 points at which the six boundary lines of the three double-side friction cones intersect. They are points of intersection by two boundary lines of different double-side friction cones except for the three contact points.
Proposition 4: The intersection of the three double-side friction cones is not empty, if and only if any point of intersection by two boundary lines of different double-side cones is not outside of the third double-side friction cone.
A proof of this proposition is given in the Appendix. According to Proposition 4, we only need to calculate the 12 points of intersection and determine whether one of them lies in a certain double-side friction cone. If there is such a point, the grasp is equilibrium, otherwise it is not equilibrium.
Let B jk represent one of the points of intersection by the boundary lines of double-side friction cones at Cj and C k . The positive friction cone at C i is bounded by n i1 and n i2 (refer to Fig. 6 ). If B jk is not outside of the double-side friction cone at Ci , there must be Sgn( 000! C i B jk 2 n i1 ) 1 Sgn( 000! C i B jk 2 n i2 ) 0:
Especially when B jk is on the border of the double-side friction cone at C i , there is 
According to Proposition 1, a three-finger grasp that achieves nonmarginal equilibrium also achieves force-closure. The intersection of the three double-side friction cones is discrete points or beeline when it is marginal equilibrium grasp. In the case of B jk lying strictly inside the double-side friction cone at Ci , any point inside the infinitesimal neighborhood of B jk belongs to the intersection of the three double-side friction cones, therefore, it is nonmarginal equilibrium, thus, force-closure grasp. We modify the inequation (4)- (6) Sgn( 000! Ci B jk 2 ni1 ) 1 Sgn( 000! CiB jk 2 ni2) < 0:
If only a point of intersection satisfies inequation (6), the grasp achieves force closure. We summarize the algorithm for three-finger force-closure grasps as follows.
Step 1: Process the disposition to the friction cones at the three contact points as in Fig. 5 .
Step 2: Calculate the 12 points of intersection by two boundary lines of different double-side friction cones.
Step 3: Calculate the left of (6) for each point, if one of them satisfies (6) the grasp is force closure, otherwise the grasp is not force closure.
In Section III, we will apply the algorithm for computing 3-D forceclosure grasps.
III. THREE-FINGER 3-D GRASPS
Consider three hard fingers grasping an object and assume Coulomb frictions. Arbitrary external force F and torque M is exerted on an arbitrary point C on the object. Contact points are C 1 , C 2 , and C 3 , and contact forces are f 1 , f 2 , and f 3 , respectively (refer to Fig. 7) .
A. Relative Notions
Supposing contact points C1 , C2 , and C3 lie in the same line L, it is obvious that a external torque M with its center line as L cannot be resisted, hence, it is not a force-closure grasp. If contact points do not lie in a line, there must be a plane with three points on it, and we name it contact plane S . A friction cone can meet contact plane S at a point, on a line, or on a plane (Fig. 8) .
In Fig. 8(b) and (c), there always exists a certain torque that cannot be resisted by contact forces.
In Fig. 8(a) , contact plane S intersects a friction cone on a triangular area which is bounded by a pair of unit vectors n i1 , n i2 (i = 1; 2; 3), and we name ni1 and ni2 contact unit vectors.
B. Necessary and Sufficient Condition for Force Closure
We put forward the following proposition for three-finger 3-D forceclosure grasps.
Proposition 5: A three-finger 3-D grasp achieves force closure if and only if: 1) there exist contact plane S and contact unit vectors n 11 , n 12 , n21 , n22 , n31 and n32 ; 2) the contact unit vectors construct a 2-D force-closure grasp in S .
Proof: (a) Sufficient Conditions: A contact force fi can be decomposed into two components f Si which locates in contact plane S , and f Pi which is perpendicular to S , as shown in Fig. 9 .
In a similar way, external force F and torque M can be decomposed into F S , M S (locates in S ) and F P , M P (perpendicular to S ). From (2), there must exist f S1 , f S2 , and f S3 satisfying fS1 + fS2 + fS3 + FS =0 (7) 00! OC 1 2 f S1 + 00! OC 2 2 f S2 + 2 00! OC 3 2 f S3 + M P =0: (8) We now prove that there exist f P 1 , f P 2 , and f P 3 satisfying fP 1 + fP 2 + fP 3 + FP =0 (9) 00! OC1 2 fP 1 + 00! OC2 2 fP 2 + 00! OC3 2 fP 3 + MS =0: (10)
If we draw a perpendicular line from C 1 to C 2 C 3 which intersect 000! C 2 C 3 at a point C 0 (Fig. 10) , the torque M S can be decomposed into And there must be k = k 0 such that f P 1 + f P 2 + f P 3 + F P = 0:
Therefore, there exist f P 1 , f P 2 , and f P 3 satisfying (9) and (10) . We now show that fSi + fP i (i = 1; 2; 3) lie inside the three friction cones, respectively.
Since fSi (i = 1; 2; 3) achieves force closure in contact plane S , there exist f S1 , f S2 , and f S3 such that f S1 + f S1 + f S1 = 0 and 00! OC 1 2 f S1 + 00! OC 2 2 f S1 + 00! OC 3 2 f S1 = 0.
For any fP i, there always exist fSi + kfSi (k > 0) such that fi = f Pi + f Si + kf Si lies in the friction cone, and satisfies f i + F = 0 and 00! OCi 2 fi + M = 0. Hence, it is a force-closure grasp.
(b) Necessary Conditions: It is obvious that (1) is necessary. If (2) is not satisfied, there must be certain external force or torque that cannot be resisted by fSi , and contact forces fi cannot resist it either. Therefore, (2) is necessary.
C. Algorithm
The problem of computing 3-D three-finger force-closure grasps is simplified to a 2-D force-closure problem by using Proposition 5. With the algorithm for 2-D force-closure grasps in Section II, we can compute three-finger force-closure grasps of arbitrary 3-D objects using Proposition 5 directly. It needs only some algebraic calculations besides coordinate transformations. Two examples will be given in Section IV.
IV. TWO EXAMPLES
A. Three-Finger Grasps of a Cube
We have computed three-finger force-closure grasps of a cube using Proposition 5 and the algorithm in Section II-C. The half angle of the friction cone is set to 10 and the side of the cube is 3 in length. We choose three contact points on the six surfaces of the cube at random, and compute 10 000 grasps. 284 force-closure grasps are found in a total of 154 ms of CPU time on a SGI 300 MHz O2 workstation in this example. It takes 0.054 ms, at most, in computing a force-closure grasp. The algorithm efficiently reduces the amount of computation required, as compared to linear programming schemes.
There are two types of contact configuration in this example: three contact points lie on the paralleling surfaces of the cube [ Fig. 11(a) ]; two contact points lie on the paralleling surfaces, respectively, and one lies on a side face [ Fig. 11(b) ].
B. Three-Finger Grasps of a Cone
We compute the three-finger force-closure grasps of a cone in this example. The radius of the bottom circle is set to 1, and the generatrix of the cone is p 10 in length (Fig. 12) . 10 000 groups of the three contact points are chosen at random. If the half angle of the friction cone is set to 10 , 33 force-closure grasps are found in 83 ms of CPU time on a SGI 300 MHz O2 workstation. Contact configuration of those force-closure grasps is shown in Fig. 12(a) .
If the half angle of the friction cone is set to 20 , there are 217 forceclosure grasps as a result. Contact configurations of those force-closure grasps are shown in Fig. 12(a) and (b) . 
V. CONCLUSION AND FUTURE WORK
We have presented a novel algorithm for computing 2-D and 3-D three-finger force-closure grasps of arbitrary objects, which is very simple and needs little computational complexity as compared to the linear programming schemes. Thus, it can be used in real-time multifinger grasp programming. Future work will be concentrated on extending this algorithm to the case of a four-finger force-closure grasp and the optimization of grasp forces.
APPENDIX
In this section, we give the proof of Propositions 3 and 4. We will need a lemma.
Lemma 1: If there exists a point P in the intersection of the three double-side friction cones such that the unit force vectors n f1 , n f2 , n f3 of the three contact forces whose lines of action intersect at P satisfying Sgn( 000! C k C i 2n fi ) 1Sgn( 000! C k C j 2n fj ) 0, i; j; k = 1; 2; 3, i 6 = j 6 = k, then it is a equilibrium grasp.
Proof: If there is Sgn( 000! C k Ci 2 n fi )Sgn( 000! C k Cj 2 n fj ) < 0, the moments 000! C k C i 2 n fi and 000! C k C j 2 n fj must be opposite in direction. Thus, we have a 1 000! C 2 C 1 2 n f1 + 000! C 2 C 3 2 n f3 = 0 and b 1 000! C 1 C 2 2 n f2 + 000! C 1 C 3 2n f3 = 0, where a > 0, b > 0. If we set the three contact (refer to Fig. 13) . Obviously, the vectors n f 1 and n f 2 must be opposite in direction, the friction cones at C i and C j achieve two-finger equilibrium grasp according to Nguyen's theorem [5] .
We now turn to the proof of Proposition 3. Proposition 3: A necessary and sufficient condition for the threefinger equilibrium grasp is that the intersection of the three double-side friction cones is not empty while the disposition H to the three friction cones is done.
Proof: 1) Sufficient Condition: there are three cases of the configuration of unit boundary vectors n 11 , n 12 at contact point C 1 . 1) Sgn( 000! C 2 C 1 2 n 11 ) 1 Sgn( 000! C 2 C 1 2 n 12 ) 0 and Sgn( 000! C 3 C 1 2 n11) 1 Sgn( 000! C3C1 2 n12) 0.
2) Sgn( 000! C2C1 2 n11) 1 Sgn( 000! C2C1 2 n12) < 0 and Sgn( 000! C3C1 2 n 11 ) 1 Sgn( 000! C 3 C 1 2 n 12 ) < 0.
3) Sgn( 000! C 2 C 1 2 n 11 ) 1 Sgn( 000! C 2 C 1 2 n 12 ) 0 and Sgn( 000! C 3 C 1 2 n11)1Sgn( 000! C3C1 2n12) < 0, or Sgn( 000! C2C1 2n11)1Sgn( 000! C2C1 2 n 12 ) < 0 and Sgn( 000! C 3 C 1 2 n 11 ) 1 Sgn( 000! C 3 C 1 2 n 12 ) 0.
They correspond to the configurations as shown in Fig. 14(a)-(c If there is Sgn( 000! C 1 C 2 2 n 21 ) 1 Sgn( 000! C 1 C 2 2 n 22 ) < 0, we have Sgn( 000! C 1 C 3 2n 31 ) 1Sgn( 000! C 1 C 3 2n 32 ) < 0. This means that any point in the infinitesimal neighborhood of point C 1 belongs to the intersection of the three double-side friction cones (refer to Fig. 15 ). There are always some points in this region satisfying the condition of Lemma 1, thus, it achieves equilibrium grasp. b) In this case, there must be Sgn( 000! C2C3 2n31)1Sgn( 000! C2C3 2n32) < 0 and Sgn( 000! C 3 C 2 2n 21 )1Sgn( 000! C 3 C 2 2n 22 ) < 0, thus C 2 C 3 lies inside the double-side friction cones at C2 and C3 . If C 2 C 3 lies inside two positive (or two negative) cones as shown in Fig. 16(a) , it achieves two-finger force-closure grasps. Thus, it achieves equilibrium, as well.
Otherwise, we can us assume without loss of generality that C 2 C 3 lies inside the positive cone at C 2 and negative cone at C 3 as shown in Fig. 16(b) , and there must be If this is not the case, it will conflict with the result of the disposition H . Thus, either the friction cones at C1 and C2 or those at C1 and C3 achieve two-finger force-closure grasp.
c) Without loss of generality, we only discuss the case with Sgn( 000! C2C1 2 n11) 1 Sgn( 000! C2C1 2 n12) 0, and 000! C C lies inside the double-side friction cones at C and C .
Sgn( 000! C 3 C 1 2 n 11 ) 1 Sgn( 000! C 3 C 1 2 n 12 ) < 0. From the second inequation, we have Sgn( 000! C3C2 2 n21) 1 Sgn( 000! C3C2 2 n22) < 0, thus point C 3 and its infinitesimal neighborhood belongs to the intersection of the double-side friction cones at C 1 and C 2 (refer to Fig. 15 ). In this way, either the friction cones at C1 and C3 achieve two-finger force-closure grasp, or there must be a region in the infinitesimal neighborhood of C3 that belongs to the intersection of the three double-side friction cones, in which any point satisfiesg the condition of Lemma 1. Therefore, it is equilibrium grasp.
(2) Necessary Condition: According to Proposition 2, there must be three contact forces in the three friction cones whose line of action intersect at some point for a three-finger equilibrium grasp. Since the disposition H to the friction cones only remove the unnecessary regions of the friction cones, the point of intersection by three contact forces cannot be eliminated. Therefore, if the grasp is equilibrium, the necessary condition must be satisfied.
Proof: Obviously, the sufficient condition is satisfied. Now we turn to the proof of the necessary condition. Let < represent the intersection of the three double-side friction cones, and S denote a point on the border of <. S must lie on a boundary line of a certain double-side friction cone, otherwise S lies in the interior of the three double-side friction cones, and any point in the infinitesimal neighborhood of point S belongs to <. This conflicts with S lying on the border of <. Let l denotes the boundary line of the double-side friction cones on which S lies. If there is l 2 <, obviously l intersects the boundary lines of the other two double-side friction cones at some points, all these points of intersection satisfy the necessary condition of this proposition. If there is l = 2 <, there must be a point P = 2 < on l, and a point S 0 2 < between S and P such that there exists a point in the infinitesimal neighborhood of S 0 which does not belong to <. Thus, S
